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Abstract
We are investigating if the double copy structure as product of scattering amplitudes of
gauge theories applies to cosmological correlators computed in a class of theories for inflation
by the operatorial version of the In-In formalism of Schwinger-Keldysh. We consider tree
level momentum-space correlators involving primordial gravitational waves with different
polarizations and the scalar curvature fluctuations on a three dimensional fixed spatial slice.
The correlators are sum of terms factorized in a time dependent scalar factor, which takes
into account the curved background where energy is not conserved, and in a so-called tensor
factor, constructed by polarization tensors. In the latter we recognize scattering amplitudes
in four dimensional Minkowski space spanned by three points gravitational amplitudes re-
lated by double copy to those of gauge theories. Our study indicates that gravitational
waves are double copy of gluons and the primordial scalar curvature is double copy of a
scalar with Higgs-like interactions.
1 Theories of inflation
The theories of inflation considered in this research are in the class of the so called single field
slow roll inflation. They contain a real scalar field φ(~x, t) in the ζ- gauge of Maldacena [1],[2]
with no quantum fluctuations around its non zero, homogeneous and time dependent vacuum
expectation value φ¯(t), and gravitational interactions in a background space-time whose spatial
part of the metric has the form
gij = a
2(t) exp(2ζ) [exp γ]ij , γii = 0, ∂iγij = 0. (1)
a(t) is the Robertson-Walker scale factor describing the expansion of the background and γij(~x, t)
is a gravitational amplitude. Three-vectors are intended to be such, relative to the spatial metric
(1). The so-called primordial curvature perturbation, ζ(~x, t), is a scalar field which has a constant
value outside the horizon meaning at the epoch with temperatures of T ∼ 10−1MeV [3]. This
constant value determines the total energy density perturbation and it provides the main initial
condition for the subsequent evolution of all perturbations. Some proof of the conservation at
tree level can be found in [1], arguments for constancy at one-loop level are provided in [4]. It is
actually a current research topic to prove the constancy of ζ to all order of perturbation theory.
One hope related to our research article is that it could help in this effort by the methods we are
going to present.
The others metric tensor components are given in the Arnowitt-Deser-Misner (ADM) formal-
ism
g00 = −N2 + gijN iN j , gi0 = gijN j. (2)
From the three dimensional metric gij one calculates the spatial Ricci tensor R
(3)
ij and the Ricci
scalar intrinsic curvature R(3) = gijR
(3)
ij . The corresponding extrinsic curvature tensor is
Kij = − 1
2N
(g˙ij −∇iNj −∇jNi) . (3)
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To study correlators between graviton fluctuations and primordial curvature we can solve the
constraints equations for the lapse and shift functions and truncate the solutions to
N = 1 +
ζ˙
H
Ni = − 1
Ha2
∂iζ + ǫ∂i
1
∇2 ζ˙ , (4)
written in terms of the Hubble rate H and of a slow roll parameter ǫ
H =
a˙
a
ǫ = − H˙
H2
=
˙¯φ2
2H2
. (5)
To perturbatively compute the quantum correlators the needed fields in the interaction picture
are
ζ(~x, t) =
∫
d3q
[
α(~q)ζq(t) exp(i~q · ~x) + α†(~q)ζ∗q (t) exp(−i~q · ~x)
]
(6)
γij(~x, t) =
∫
d3q
∑
λ=±2[
exp(i~q · ~x)eij(qˆ, λ)α(qˆ, λ)γq(t) + exp(−i~q · ~x)e∗ij(qˆ, λ)α†(qˆ, λ)γ∗q (t)
]
, (7)
being λ the helicity and eij(qˆ, λ) is a polarization tensor while α(~q) and α(qˆ, λ) are annihilation
operators with algebra [
α(~q), α†(~q ′)
]
= δ3(~q − ~q ′) [α(~q), α(~q ′)] = 0 (8)
[
α(~q ′λ), α†(~q ′, λ′)
]
= δλλ′δ
3(~q − ~q ′) [α(~q, λ), α(~q ′, λ′)] = 0. (9)
Moreover ζq(t) and γq(t), with q = |~q|, are suitable normalized solutions of the equations
d2
dt2
ζq(t) +
[
d log
(
a3ǫ
)
dt
]
d
dt
ζq(t) +
q2
a2
ζq(t) = 0; (10)
d2
dt2
γq(t) + 3H
d
dt
γq(t) +
q2
a2
γq(t) = 0, (11)
obtained by using the metric prescriptions (1) and (2) in the Einstein Hilbert action in the
ADM parametrization and taking the quadratic part
S2 = −1
8
∫
d3xdt a(t)∂mγij∂mγij +
1
8
∫
d3xdt a3(t)∂tγij∂tγij
−
∫
d3xdt
{
aǫ(∇ζ)2 + d
dt
(a3ǫ)ζ
∂
∂t
ζ + a3ǫζ
∂2
∂t2
ζ
}
. (12)
The space integral is on R3 and the indices contractions are made by the unit metric δij . The
two initial conditions needed to solve (10) and (11) are related to the fact that at early times the
Hubble expansion is negligible and at late times ζq(t) as well as γq(t) go to the constant value
taken outside the horizon.
2 Correlator < ζγγ >
We start by calculating the tree-level contribution to the correlation function of one ζ field and
two gravitational waves γ fields. This correlator is available in literature [5],[6],[7],[8],[9], however
we will write it here in a different form with the aim of distinguishing between a scalar and tensor
part at integral level and on the latter look for a connection with a scattering amplitudes in four
dimensional Minkowski space gauge theories (double copy).
G(~p1, ~p2, ~p3)ij;lm ≡
∫
d3x1d
3x2d
3x3 exp(i~p1 · ~x1) exp(i~p2 · ~x2) exp(i~p3 · ~x3)
×〈ζ(~x1, t)γij(~x2, t)γlm(~x3, t)〉 (13)
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In the so-called In-In formalism [2],[10], suitable for computing correlations of fluctuations at a
given time, the lowest perturbative order is equal to
G(~p1, ~p2, ~p3)ij;lm = i
∫ t
−∞
dt1
∫
d3x1d
3x2d
3x3 < [Hζγγ(t1),
exp(i~p1 · ~x1) exp(i~p2 · ~x2) exp(i~p3 · ~x3)ζ(~x1, t)γij(~x2, t)γlm(~x3, t)] > .
(14)
The time dependent interaction Hamiltonian, which includes only interactions for which the time
integral in (14) is convergent as t→∞, amounts to [2]
Hζγγ(t) ≡ A(t) + d
dt
B(t) (15)
where
A(t) = − ǫ(t)a(t)
8
∫
ζ(~x, t)∂mγri(~x, t)∂mγri(~x, t)d
3x, (16)
B(t) =
a(t)
8H(t)
∫
ζ(~x, t)∂mγri(~x, t)∂mγri(~x, t)d
3x. (17)
The calculation of the commutators in (14) is performed by using
[ζ(~x, t), ζ(~x ′, t′)] =
∫
d3p ei~p·(~x−~x
′)(ζp(t)ζ
∗
p (t
′)− ζ∗p (t)ζp(t′)) (18)
as well as
[γij(~x, t), γℓm(~x
′, t′)] =
∫
d3p ei~p·(~x−~x
′)Πij;lm(pˆ)(γp(t)γ
∗
p(t
′)− γ∗p(t)γp(t′)) (19)
where
Πij;lm(pˆ) =
∑
λ
eij(pˆ, λ)e
∗
lm(pˆ, λ). (20)
The chosen polarization tensors are symmetric, transverse and traceless
eij(pˆ, λ) = eji(pˆ, λ) pieij(pˆ, λ) = 0 eii(pˆ, λ) = 0. (21)
By the described operatorial method [2],[11] we get
G(~p1, ~p2, ~p3)ij;lm ≡ δ3(~p1 + ~p2 + ~p3)G1(p1, p2, p3)×
(2~p2 · ~p3)Πij;rn(pˆ2)Πrn;lm(pˆ3) (22)
and the scalar factor is
G1(p1, p2, p3) =
i(2π)12
8
∫ t
−∞
dt1ǫ(t1)a(t1)
[
ζp1(t1)ζ
∗
p1
(t)γp2(t1)γ
∗
p2
(t)γp3(t1)γ
∗
p3
(t)+
−ζp1(t)ζ∗p1 (t1)γp2(t)γ∗p2(t1)γp3(t)γ∗p3 (t1)
]
. (23)
The appearing of the delta for the three-momentum conservation is due to the time dependent
background. The time independent tensor factor in (13) is
2~p2 · ~p3Πij;rn(pˆ2)Πrn;lm(pˆ3), (24)
which after being saturated with specific gravitons polarization tensors of given helicities amounts
4(2~p2 · ~p3)ǫij(pˆ2, λ)ǫij(pˆ3, λ′). (25)
The transversality and traceless of the polarization tensors (21) has been used to deduce [[12]]
Πij;kl(qˆ) = δikδjl + δilδjk − δijδkl + δij qˆk qˆl + δkl qˆiqˆj − δik qˆj qˆl
−δilqˆj qˆk − δjk qˆiqˆl − δjlqˆiqˆk + qˆiqˆj qˆk qˆl, (26)
which allowed the projections in (25). We are going to use a new set of helicity spinors variables
allowing to easily make connection with gauge theory amplitudes in four dimensions.
3
3 SO(3) spinor helicity formalism for inflation
In order to explore the properties of factorization by double copy we introduce a spinor helicity
formalism for inflation. We shall follow a different approach than in [1],[13], meaning that our
spinors are not based on those of the representations D(0,
1
2
), D(
1
2
,0) of the ortho-chronus proper
Lorentz group. Our spinors will be those to construct the irreducible representations of SO(3),
the group of invariance of the dynamics of fluctuations in the considered class of theory [14]. For
the construction of the above spinor variables we follow [15],[16].
A controvariant spinor of lowest dimension of SO(3) is
ξ =
(
ξ1
ξ2
)
(27)
which transforms as
ξ′ = uξ (28)
being u ∈ SU(2).
We may construct invariants by introducing the covariant spinor η which transforms as
η′ = ηu−1 = ηu†, (29)
and the consequent SU(2) invariant scalar product
ηξ = η′ξ′ = ηiξ
i. (30)
The phase convention is fixed as
ξi ≡ ξi∗. (31)
Consider the four component tensor Ξji ≡ ξjξi which can be reduced to the following irre-
ducible three components object
Ξˆji ≡ ξjξi −
1
2
δ
j
i ξ
kξk (32)
equivalent to a real three vector ~p by
Ξˆ = ~σ · ~p =
(
p3 p1 − ıp2
p1 + ıp2 −p3
)
, (33)
due to the SU(2) transformation property
Ξˆ→ Ξˆ′ = uΞˆu†. (34)
By inverting the equation (32) the three vector ~p can be written as bi-spinor as follows
~p =
1
2
ξ†~σξ (35)
which we rewrite as
~p =
1
2
ξ†p~σξp (36)
and say that the spinor ξp is the “root square” of the vector ~p. Finally it is useful the following
notation
p
j
i ≡ ξjpξpi −
1
2
δ
j
i (ξp, ξp), (37)
where
(ξp, ξq) = ξ
ℓ
pξq ℓ. (38)
Since the square of the matrix pji is the unit matrix times the square of the vector ~p it is deduced
that, due to the phase convention (31),
(ξp, ξp) = 2|~p| (39)
and consequently
p
j
i ≡ ξjpξpi − |~p| δji . (40)
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For analogous reasons the scalar product
~p · ~q = 1
2
|ξp kξkq |2 −
1
4
ξp kξ
k
pξq kξ
k
q =
1
2
|(ξp, ξq)|2 − |~p||~q|. (41)
A momentum conservation condition ~p1 + ~p2 + ~p3 = 0 is written in terms of spinors
ξjp1ξp1i + ξ
j
p2
ξp2i + ξ
j
p3
ξp3i = δ
j
i (|~p1|+ |~p2|+ |~p3|). (42)
We can contract (42) with ξp1 j and ξ
i
p2
to find
ξp1 kξ
k
p3
ξp3ℓξ
ℓ
p2
= (|~p3| − |~p1| − |~p2|)ξp1 kξkp2 (43)
and analogously
ξℓp2(−ıσ2)ℓjξjp1ξp1 i(−iσ2)inξp3 n = ξp3kξkp2(|~p1|+ |~p2|+ |~p3|) (44)
ξℓp2(−ıσ2)ℓjξjp1ξp2 m(−ıσ2)mnξp1 n = −|~p3|2 + (|~p2| − |~p1|)
2
. (45)
3.1 Polarization vectors
The three dimensional polarization vectors for helicity ±1 massles fields are written in the
Coulomb gauge in terms of spinors as
ǫ(~p,+)ji =
ξjp(−ıσ2)iℓξℓp√
2|~p| (46)
ǫ(~p,−)ji = −
(−ıσ2)jℓξpℓξpi√
2|~p| . (47)
The (matrices) polarization vectors (46) and (47) satisfy the following properties:
(ǫ(~p,+))
†
= ǫ(~p,−) (48)
implying for the corresponding vectors
~ǫ(~p,±)∗ = ~ǫ(~p,∓). (49)
For the transversality condition
~p · ~ǫ(~p,±) = 0. (50)
Observe in fact that for the matrices Aji and B
j
i associated respectively to the vectors ~a and
~b
the following property holds
{A,B} = 2~a ·~b I2×2 (51)
and consequently
TrAB = 2~a ·~b. (52)
A straightforward application of (52) allows to prove (50) and
~ǫ(~p,+) · ~ǫ(~p,−)∗ = ~ǫ(~p,+) · ~ǫ(~p,+) = 0 (53)
arising from the general property (51)
ǫ(~p,±)jℓǫ(~p,±)ℓi = ~ǫ(~p,±)2δji . (54)
Finally
|~ǫ(~p,±)|2 = 1. (55)
By taking the momentum ~p = (0, 0, p), p > 0, and normalizing the spinor ξp =
(√
2p
0
)
we
obtain for the matrix
ǫ(~p,+)ji =
(
0
√
2
0 0
)
=
√
2(σ+)
j
i (56)
which corresponds to the polarization vector
~ǫ(~p,+) =
1√
2

1ı
0

 . (57)
.
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3.2 Some expressions involving polarization vectors
Now let us calculate all possible contractions of polarization vectors and momenta of different
helicities:
~ǫ(~p,+) · ~ǫ(~q,+) = − (ξ
i
p(iσ2)iℓξ
ℓ
q)
2
4|~p||~q| , (58)
~ǫ(~p,−) · ~ǫ(~q,−) = − (ξp i(iσ2)
iℓξq ℓ)
2
4|~p||~q| , (59)
~ǫ(~p,+) · ~ǫ(~q,−) = (ξq , ξp)
2
4|~p||~q| , (60)
~q · ~ǫ(~p,+) = 1
2
√
2|~p| (ξq, ξp)
(
ξiq(−iσ2)iℓξℓp
)
, (61)
~q · ~ǫ(~p,−) = 1
2
√
2|~p| (ξp, ξq)
(
ξp i(−iσ2)iℓξq ℓ
)
. (62)
3.3 Massless helicity two wave function
Due to the gauge conditions (21) and the behavior under rotations around the direction of the
momentum we can take the polarization tensors as direct products of helicity 1 polarization
vectors
elm(pˆ,+2) = ǫl(pˆ,+)ǫm(pˆ,+) (63)
and
elm(pˆ,−2) = ǫl(pˆ,−)ǫm(pˆ,−). (64)
In terms of spinors we will have
eℓnmj(pˆ,+2) =
(−ıσ2)mrξℓpξrp(−ıσ2)jsξnp ξsp
4|~p|2 , (65)
eℓnmj(pˆ,−2) =
(−ıσ2)ℓrξprξpm(−ıσ2)nsξpsξpj
4|~p|2 . (66)
The sum on the polarizations for gravitons Πij;kl(qˆ) amounts to (26).
4 Amplitudes and double copy
4.1 Tensor helicity amplitudes of correlator ζγγ
Back to our correlator
eij(~p2, λ)G(~p1, ~p2, ~p3)ij;lmelm(~p3, λ
′) =
δ3(~p1 + ~p2 + ~p3)G1(p1, p2, p3)(8~p2 · ~p3)eij(pˆ2, λ)eij(pˆ3, λ′). (67)
The following products are needed
eij(pˆ2,+2)eij(pˆ3,+2) =
(ξjp2(−ıσ2)jℓξℓp3)4
16|~p2|2|~p3|2 , (68)
eij(pˆ2,−2)eij(pˆ3,−2) = (ξp2 j(−ıσ2)
jℓξp3 ℓ)
4
16|~p2|2|~p3|2 , (69)
eij(pˆ2,−2)eij(pˆ3,+2) = (ξp2 jξp3
j)4
16|~p2|2|~p3|2 , (70)
eij(pˆ2,+2)eij(pˆ3,−2) = (ξp3 jξp2
j)4
16|~p2|2|~p3|2 . (71)
6
4.2 Double copy
We propose that the amplitudes are the square of the flat space of type Higgs to two gluons
amplitudes, based on a Lagrangian interaction in four dimensional Minkowski space LI ∼ hF 2,
where F is the Yang- Mills field strength. This was noted in the context of correlators in
conformal field theories in three dimensions in [8]. Let’s just compare in fact the tensor factors.
The corresponding color ordered amplitudes in four dimensional flat space are
M(p1; p2, λ; p3, λ
′) ≡ p2 · p3ǫ(p2, λ) · ǫ(p3, λ′)− p2 · ǫ(p3, λ′)p3 · ǫ(p2, λ), (72)
where p stays for a four vector and the momentum conservation is implicit in (72). By relating
the three dimensional polarization vectors to those of the four dimensional scattering amplitudes
by
ǫµ(~pi, λi) = (0,~ǫ(~pi, λi)) (73)
and the momenta so that
p
µ
i = (pi, ~pi) (74)
we obtain for the scattering amplitudes (72)
− (|~p2||~p3| − ~p2 · ~p3)~ǫ(~p2, λ) · ~ǫ(~p3, λ′)− ~p2 · ~ǫ(~p3, λ′)~p3 · ~ǫ(~p2, λ). (75)
Specializing at the different helicities we get the root square of (71), up to the factor 2~p2 · ~p3,
−(|~p2||~p3| − ~p2 · ~p3)~ǫ(~p2,+) · ~ǫ(~p3,−)− ~p2 · ~ǫ(~p3,−)~p3 · ~ǫ(~p2,+) = (76)
2~p2 · ~p3
4|~p2||~p3| (ξp3 , ξp2)
2;
analogously for the root square of (68)
−(|~p2||~p3| − ~p2 · ~p3)~ǫ(~p2,+) · ~ǫ(~p3,+)− ~p2 · ~ǫ(~p3,+)~p3 · ~ǫ(~p2,+) = (77)
2~p2 · ~p3
4|~p2||~p3|
(
ξip2(−ıσ2)iℓξℓp3
)2
;
and finally for the root square of (69)
−(|~p2||~p3| − ~p2 · ~p3)~ǫ(~p2,−) · ~ǫ(~p3,−)− ~p2 · ~ǫ(~p3,−)~p3 · ~ǫ(~p2,−) =
2~p2 · ~p3
4|~p2||~p3|
(
ξp2 i(−ıσ2)iℓξp3 ℓ
)2
. (78)
We conclude that
eij(~p2, λ)G(~p1, ~p2, ~p3)ij;lmelm(~p3, λ
′) = 4δ3(~p1 + ~p2 + ~p3)
G1(p1, p2, p3)
2~p2 · ~p3 M
2
(
~p1; ~p2,
λ
2
; ~p3,
λ′
2
)
. (79)
The three point correlator ζγγ is in its tensor part double copy of a gauge interaction of Higgs-
like scalar coupled to gluons (72). This is analogous to what was noticed in [8] for which in
ΦR2 gravity the amplitude graviton− graviton− scalar is the square in the flat space limit of
a correlator of two gauge currents and a marginal scalar. The compatibility with the result of
[8] is due to their flat space limit and here has an analogous in the factorization of a form factor
which dresses the Feynman diagrams entering in the Minkowski space amplitude. The relation
with gravity amplitudes found in (79) is analogous to the KLT relations [17], but differing
by a kinematic factor in the denominator. That factor allows the matching of the two spatial
derivatives of the Ricci scalar intrinsic curvatureR(3) = gijR
(3)
ij and the four derivatives appearing
in the square of hF 2 on the gauge side.
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5 A one-loop calculation
For the one-loop contribution to the correlation function of two ζ fields, which is measured in
the spectrum of anisotropies of the cosmic microwave background, we are going to explore how
to use the proved double copy relation (79). Consider
C(~q) =
∫
d3xeı~q·(~x−~x
′) < ζ(~x, t)ζ(~x ′, t) >2γ (80)
where the subscript 2γ means that we are calculating G(q) at the second order in the interac-
tion by the exchange of two gravitational waves. The time dependent Hamiltonian to be used in
the In-In formalism is (15). The actual contribution will be given by the part of the Hamiltonian
which is not a total derivative, meaning
A(t) = − ǫa
8
∫
d3xζ(~x, t)∂mγri∂mγri(~x, t). (81)
By computing
−
∫
d3xeı~q·(~x−~x
′)
∫ t
−∞
dt2
∫ t2
−∞
dt1 < [A(t1), [A(t2), ζ(~x, t)ζ(~x
′, t)]] >
we find
C(~q) = −1
8
ℜ
∫ t
−∞
dt2
∫ t2
−∞
dt1(2π)
9 (82)
ǫ(t1)a(t1)
4
ǫ(t2)a(t2)
4
(ζq(t2)ζq(t)
∗ − ζq(t)ζq(t2)∗) ζq(t1)ζq(t)∗∫
d3q2
∫
d3q3δ
3(~q2 + ~q3 + ~q)(2~q2 · ~q3)2Πri;r1i1(qˆ2)Πri;r1i1(qˆ3)
γq2(t1)γq2(t2)
∗γq3(t1)γq3(t2)
∗ (83)
where ℜ stays for the real part.
5.1 Observations
1. The asymmetry between the two vertices implies a different treatment of the external legs.
Actually in [2], [18] it is distinguished between the left and right vertices with which the
external legs have different propagators, we prefer here an operator approach more than
diagrammatic.
2. The loop integral
I =
∫
d3q2
∫
d3q3δ
3(~q + ~q2 + ~q3)(2~q2 · ~q3)2Πri;r1i1(qˆ2)Πri;r1i1(qˆ3)
γq2(t1)γq2(t2)
∗γq3(t1)γq3(t2)
∗ (84)
has the analogous on the denominators of the Feynman propagators in the products
γq2(t1)γq2(t2)
∗. The tensor part instead plays the role of the numerators of the Feynman
diagrams for scattering amplitudes.
3. The tensor factor
(2~q2 · ~q3)2Πri;r1i1(qˆ2)Πri;r1i1(qˆ3) (85)
amounts to ∑
λ,λ′=±1
M2(~q; ~q2, λ; ~q3, λ
′)M2(−~q;−~q2,−λ;−~q3,−λ′)
(2~q2 · ~q3)2 (86)
where M(~q, ~q2, λ; ~q3, λ
′) is defined as (72). We therefore explicitly verify that combining
in a bigger diagram trilinear vertices, non containing time derivatives, the resulting tensor
part is the product of the tensor factors [13].
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6 Four points tree level correlator < ζζγγ >
6.1 The t and u channels
We are going to explore double copy in a sort of primordial trispectrum with two scalars and
two tensor fluctuactions
G(~p1, ~p2, ~p3, ~p4)ij;ℓm ≡<
∫
d3x1d
3x2d
3x3d
3x4 exp ı~p1 · ~x1 exp ı~p2 · ~x2
exp ı~p3 · ~x3 exp ı~p4 · ~x4 ζ(~x1, t)ζ(~x2, t)γij(~x3, t)γℓm(~x4, t) > . (87)
We are going just to consider cubic vertices because higher order interactions are irrelevant in the
sense of the renormalization flow. We will discover in the different channels that the tensor parts
of the given correlator with three tensor fluctuactions, two scalars and one tensor fluctuactions
and finally two tensors and one scalar fluctuactions will be building blocks of that trispectrum.
The second order in (81), which involves cubic vertices and provides the t and u channels with
one γ exchange, amounts to
eij(~p3, λ)G(~p1, ~p2, ~p3, ~p4)ij;ℓmeℓm(~p4, λ
′) = (2π)18δ3(~p1 + ~p2 + ~p3 + ~p4)×[
ℜ
∫ t
−∞
dt2
ǫ(t2)a(t2)
4
∫ t2
−∞
dt1
ǫ(t1)a(t1)
4
(ζp1(t2)ζp1(t)
∗ − ζp1(t)ζp1(t2)∗)
ζp2(t1)ζp2(t)
∗γp3(t1)γp3(t)
∗γp4(t2)γp4(t)
∗γ|~p4+~p1|(t1)γ
∗
|~p4+~p1|
(t2)∑
λ1=±1
M2(~p1, ~p4, λ
′;−~p1 − ~p4, λ1)M2(~p2, ~p3, λ; ~p1 + ~p4,−λ1)
(2~p4 · (~p1 + ~p4))2
+ℜ
∫ t
−∞
dt2
ǫ(t2)a(t2)
4
∫ t2
−∞
dt1
ǫ(t1)a(t1)
4
(ζp1(t2)ζp1(t)
∗ − ζp1(t)ζp1 (t2)∗)
ζp2(t1)ζp2(t)
∗γp3(t2)γp3(t)
∗γp4(t1)γp4(t)
∗ γ|~p1+~p3|(t1)γ
∗
|~p1+~p3|
(t2)∑
λ1=±1
M2(~p1, ~p3, λ;−~p1 − ~p3, λ1)M2(~p2, ~p4, λ′; ~p1 + ~p3,−λ1)
(2~p3 · (~p1 + ~p3))2
+ℜ
∫ t
−∞
dt2
ǫ(t2)a(t2)
4
∫ t2
−∞
dt1
ǫ(t1)a(t1)
4
(ζp2(t2)ζp2(t)
∗ − ζp2(t)ζp2 (t2)∗)
ζp1(t1)ζp1(t)
∗γp3(t1)γp3(t)
∗γp4(t2)γp4(t)
∗γ|~p2+~p4|(t1)γ
∗
|~p2+~p4|
(t2)∑
λ1=±1
M2(~p2, ~p4, λ
′;−~p2 − ~p4, λ1)M2(~p1, ~p3, λ; ~p2 + ~p4,−λ1)
(2 ~p4 · (~p2 + ~p4))2
+ℜ
∫ t
−∞
dt2
ǫ(t2)a(t2)
4
∫ t2
−∞
dt1
ǫ(t1)a(t1)
4
(ζp2(t2)ζp2(t)
∗ − ζp2(t)ζp2 (t2)∗)
ζp1(t1)ζp1(t)
∗γp3(t2)γp3(t)
∗γp4(t1)γp4(t)
∗γ|~p2+~p3|(t1)γ
∗
|~p2+~p3|
(t2)∑
λ1=±1
M2(~p2, ~p3, λ;−~p2 − ~p3, λ1)M2(~p1, ~p4, λ′; ~p2 + ~p3,−λ1)
(2~p3 · (~p2 + ~p3))2
+ℜ
∫ t
−∞
dt2
ǫ(t2)a(t2)
4
∫ t2
−∞
dt1
ǫ(t1)a(t1)
4
(γp3(t2)γp3(t)
∗ − γp3(t)γp3 (t2)∗)
ζp1(t2)ζp1(t)
∗ζp2(t1)ζp2(t)
∗γp4(t1)γp4(t)
∗γ|~p1+~p3|(t1)γ
∗
|~p1+~p3|
(t2)∑
λ1=±1
M2(~p1, ~p3, λ;−~p1 − ~p3, λ1)M2(~p2, ~p4, λ′; ~p1 + ~p3,−λ1)
(2~p3 · (~p1 + ~p3))2
+ℜ
∫ t
−∞
dt2
ǫ(t2)a(t2)
4
∫ t2
−∞
dt1
ǫ(t1)a(t1)
4
(γp3(t2)γp3(t)
∗ − γp3(t)γp3 (t2)∗)
ζp1(t1)ζp1(t)
∗ζp2(t2)ζp2(t)
∗γp4(t1)γp4(t)
∗γ|~p2+~p3|(t1)γ
∗
|~p2+~p3|
(t2)+∑
λ1=±1
M2(~p2, ~p3, λ;−~p2 − ~p3, λ1)M2(~p1, ~p4, λ′; ~p2 + ~p3,−λ1)
(2~p3 · (~p2 + ~p3))2
+ℜ
∫ t
−∞
dt2
ǫ(t2)a(t2)
4
∫ t2
−∞
dt1
ǫ(t1)a(t1)
4
(γp4(t2)γp4(t)
∗ − γp4(t)γp4 (t2)∗)
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ζp1(t1)ζp1(t)
∗ζp2(t2)ζp2(t)
∗γp3(t1)γp3(t)
∗γ|~p2+~p4|(t1)γ
∗
|~p2+~p4|
(t2)∑
λ1=±1
M2(~p2, ~p4, λ
′;−~p2 − ~p4, λ1)M2(~p1, ~p3, λ; ~p2 + ~p4,−λ1)
(2~p4 · (~p2 + ~p4))2
+ℜ
∫ t
−∞
dt2
ǫ(t2)a(t2)
4
∫ t2
−∞
dt1
ǫ(t1)a(t1)
4
(γp4(t2)γp4(t)
∗ − γp4(t)γp4 (t2)∗)
ζp1(t2)ζp1(t)
∗ζp2(t1)ζp2(t)
∗γp3(t1)γp3(t)
∗γ|~p1+~p4|(t1)γ
∗
|~p1+~p4|
(t2)
∑
λ1=±1
M2(~p1, ~p4, λ
′;−~p1 − ~p4, λ1)M2(~p2, ~p3, λ; ~p1 + ~p4,−λ1)
(2~p4 · (~p1 + ~p4))2
]
(88)
All possible permutations of the four external legs are included and again M(~p, ~q, λ′;−~p− ~q, λ1)
is defined in (72).
6.2 The s channel
The tree level s channel of eij(pˆ3, λ3)G(~p1, ~p2, ~p3, ~p4)ij;ℓmeℓm(pˆ4, λ4) receives the lowest order
contribution from the following terms in the Hamiltonian
HI(t) = A˜1(t) + A˜2(t) (89)
where
A˜1(t) =
∫
d3xa(t) [γij(~x, t)∂iζ(~x, t)∂jζ(~x, t) + 2γij(~x, t)ζ(~x, t)∂i∂jζ(~x, t)] (90)
A˜2(t) = −1
8
∫
d3xa(t) [γkl(~x, t)∂kγij(~x, t)− 2γik(~x, t)∂kγjl(~x, t)] ∂lγij(~x, t). (91)
Only the contributions from one γ exchange will be taken into account, therefore the claimed
s−channel amounts to
S = −2
∫ t
−∞
dt2
∫ t2
−∞
dt1a(t1)a(t2)(2π)
18δ3(~p1 + ~p2 + ~p3 + ~p4)×{
ζ∗p2(t2)ζp2(t)γp3(t1)γ
∗
p3
(t)γp4(t1)γ
∗
p4
(t)(ζp1 (t2)ζ
∗
p1
(t)− ζ∗p1(t2)ζp1 (t))×
(γ|~p3+~p4|(t1)γ
∗
|~p3+~p4|
(t2)− γ|~p3+~p4|(t2)γ∗|~p3+~p4|(t1))
+ζ∗p1(t2)ζp1(t)γp3(t1)γ
∗
p3
(t)γp4(t1)γ
∗
p4
(t)(ζp2 (t2)ζ
∗
p2
(t)− ζ∗p2(t2)ζp2 (t))
(γ|~p3+~p4|(t1)γ
∗
|~p3+~p4|
(t2)− γ|~p3+~p4|(t2)γ∗|~p3+~p4|(t1)) + (ζp1 (t2)ζ∗p1 (t)− ζ∗p1(t2)ζp1 (t))×[
γp4(t1)γp3(t1)γ|~p3+~p4|(t2)ζp2 (t)γ
∗
p4
(t)γ∗p3(t)γ
∗
|~p3+~p4|
(t1)ζ
∗
p2
(t2)
−γp4(t)γp3(t)γ|~p3+~p4|(t2)ζp2(t)γ∗p4 (t1)γ∗p3(t1)γ∗|~p3+~p4|(t1)ζ∗p2 (t2)
]
+(ζp2(t2)ζ
∗
p2
(t)− ζ∗p2 (t2)ζp2(t))[
γp4(t1)γp3(t1)γ|~p3+~p4|(t2)ζp1 (t)γ
∗
p4
(t)γ∗p3(t)γ
∗
|~p3+~p4|
(t1)ζ
∗
p1
(t2)
−γp4(t)γp3(t)γ|~p3+~p4|(t2)ζp1(t)γ∗p4 (t1)γ∗p3(t1)γ∗|~p3+~p4|(t1)ζ∗p1 (t2)
]
+(
γp3(t2)γ
∗
p3
(t)− γ∗p3(t2)γp3(t)
)
(γ|~p3+~p4|(t1)γ
∗
|~p3+~p4|
(t2)− γ|~p3+~p4|(t2)γ∗|~p3+~p4|(t1))
ζp1(t1)ζp2 (t1)γp4(t2)ζ
∗
p1
(t)ζ
∗
p2
(t)γ∗p4 (t) +
(
γp4(t2)γ
∗
p4
(t)− γ∗p4(t2)γp4 (t)
)
(γ|~p3+~p4|(t1)γ
∗
|~p3+~p4|
(t2)− γ|~p3+~p4|(t2)γ∗|~p3+~p4|(t1))×
ζp1(t1)ζ
∗
p1
(t)ζp2(t1)ζ
∗
p2
(t)γp3(t2)γ
∗
p3
(t)
}
p1i1p1j1
∑
λ
ei1j1(~p1 + ~p2, λ)ei2j2(−~p3 − ~p4,−λ)
[p4ieij(~p3, λ3)p4jei2j2(~p4, λ4) + p3ieij(~p4, λ4)p4jei2j2(~p3, λ3)− p3i2p4j2eij(~p3, λ3)eij(~p4, λ4)
−2p4i2ej2l1(~p4, λ4)el1k(~p3, λ3)p4k − 2p3i2ej2l1(~p3, λ3)el1k(~p4, λ4)p3k
−2p3l1el1j2(~p3, λ3)ei2k(~p4, λ4)p3k]
(92)
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The tensor part of S on which we are going to focus in order to recognize a double copy structure
is
p1i1p1j1
∑
λ
ei1j1(~p1 + ~p2, λ)ei2j2(−~p3 − ~p4,−λ) [p4ieij(~p3, λ3)p4jei2j2(~p4, λ4)
+p3ieij(~p4, λ4)p4jei2j2 (~p3, λ3)− p3i2p4j2eij(~p3, λ3)eij(~p4, λ4)− 2p4i2ej2l1(~p4, λ4)×
el1k(~p3, λ3)p4k − 2p3i2ej2l1(~p3, λ3)el1k(~p4, λ4)p3k − 2p3l1el1j2(~p3, λ3)ei2k(~p4, λ4)p3k] .
(93)
Concerning the remaining scalar part of (92) we consider to write it in that form for compactness
because no significative simplifications arise by expanding it.
By the prescription of the polarization tensors for the gravitons as defined in (63) and (64)
we may rewrite one of the two factors in the helicity sum of (93) as
(~p4 · ~ǫ(~p3))2 (~ǫ(~p4) · ~ǫ(−~p3 − ~p4))2 + (~p3 · ~ǫ(~p4))2 (~ǫ(~p3) · ~ǫ(−~p3 − ~p4))2
+(~p3 · ~ǫ(−~p3 − ~p4))2 (~ǫ(~p3) · ~ǫ(~p4))2
−2~p4 · ~ǫ(~p4)~ǫ(~p4) · ~ǫ(~p3)~ǫ(~p3) · ~ǫ(−~p3 − ~p4)~ǫ(−~p3 − ~p4) · ~ǫ(~p4)~ǫ(~p4) · ~p3
+2~p3 · ~ǫ(~p4)~ǫ(~p4) · ~ǫ(~p3)~ǫ(~p3) · ~ǫ(−~p3 − ~p4)~ǫ(−~p3 − ~p4) · ~p4
+2~p3 · ~ǫ(−~p4 − ~p3)~ǫ(−~p4 − ~p3) · ~ǫ(~p4)~ǫ(~p3) · ~ǫ(~p4)~ǫ(~p3) · ~p4, (94)
with the label of the helicity not explicitly indicated. (94) amounts to the squared amplitude
[~p4 · ~ǫ(~p3)~ǫ(~p4) · ~ǫ(−~p3 − ~p4)− ~p3 · ~ǫ(~p4) (~ǫ(~p3) · ~ǫ(−~p3 − ~p4))
+ (~p3 · ~ǫ(−~p3 − ~p4)) (~ǫ(~p3) · ~ǫ(~p4))]2 (95)
that is the square of a color ordered amplitude in the renormalizable Yang-Mills theory. The
other factor
(p1i2p2j2 + p1i2p1j2 + p2i2p2j2)ǫi2j2(−~p1 − ~p2, λ) = p1i2p1j2ǫi2j2(−~p1 − ~p2, λ)
= (p1iǫi(−~p1 − ~p2, λ))2 = 1
4
((p1 − p2)iǫi(−~p1 − ~p2, λ))2 (96)
corresponds to the renormalizable coupling scalar−scalar−gluon already remarked in a different
context in [8].
7 Conclusions
In the class of theories of inflation characterized by an inflaton scalar field we computed correla-
tors that involve the curvature perturbation ζ as well as the gravitational wave amplitudes γij .
We have recognized that the building blocks of three point amplitudes in terms of which corre-
lators of higher multiplicity could be constructed manifest in their tensor part double copy. The
three point function < ζγγ >, can be factorized into a time dependent scalar factor and a time
independent so-called tensor factor which is recognized as squared of scattering amplitude of a
gauge invariant interaction of type scalar−vector−vector in the four dimensional flat space. By
those blocks we may construct the tensor part of the one loop correlator < ζζ >. It is worth to
remark that we have extended the equality Gravity = (Gauge)2 [19], since gauge does not mean
just Yang-Mills beacause we have included a gauge invariant interaction of a scalar with gluons of
type ∼ hF 2. The correlators are computed by the mean of the so called In-In formalism, however
at one loop level we recognize an integrand structure in terms of loop momentum very similar
to those of the Feynman integrals for scattering amplitudes. The analogous of the denominators
is indeed given by the product of the modes satisfying the equations (10), (11).The analogous of
numerator of the Feynman integrals is given by the tensor part reproducing tree level scattering
amplitudes. The In-In formalism by its construction seems to implement the on shell techniques
together with the generalized unitarity methods to compute cosmological correlators in pertur-
bation theory. We found that the numerators are products of three point amplitudes in flat
space, so that one can recover the tensor part as product of the tensor factors. What we add
here is that despite of the complications of the vertices of gravitational interactions we have the
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prescription that such constituents building blocks are square of gauge theory amplitudes from
an interaction of type scalar − vector − vector.
Moreover the tree-level four point correlator < ζζγγ > has been constructed. It is possible
to recognize the channels of type t, u and s by graviton exchange. The terms entering in the
tensor part are obtained as the product of three point amplitudes. For the channels t and u, they
express as the square of the amplitudes of an interaction of type scalar−vector−vector, instead
for the s channel we have two factors which are the square of vector−vector−vector interaction
in pure Yang-Mills theory and the other factor is instead related to the squared amplitude
scalar − scalar − vector. This result is encouraging toward the identification of a double copy
structure in a four point correlator. It happens that all the mentioned gauge interactions can be
recast into a gauge theory marginal in six dimensions and recently constructed in [20] in order for
the scattering amplitudes obeying color-kinematic duality so that to reproduce the amplitudes
of conformal gravity. Actually the choice of disregarding the irrelevant interactions brought to
consider only trilinear vertices however by involving higher multiplicity interactions also higher
derivatives Yang-Mills interactions can arise as in the formulation of [20].
Our present understanding of the way consistent time evolution is encoded in cosmological
correlators is still in its infancy, matching not even the level of understanding for tree-level
scattering amplitudes. Here we make an attempt to see if double copy could emerge in correlators
by the In-In formalism also motivated by [21] . We have written cosmological correlators in a
form that involves at integrand level gravitational building blocks that are the square of the gauge
building blocks amplitudes. In the organization of the calculations in the In-In formalism in a
different form than that of Schwinger-Keldysh there are indications that the double copy could
apply as well bootstrapp like techniques to reconstruct the integrands of cosmological correlators.
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